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1 Motivation
High-throughput electronic-structure calculations are becoming increasingly popular in materials
science for the design of new compounds. In order to predict new compounds for specific applica-
tions, the properties of molecules or bulk materials, such as the stabilities or electronic structures
(e.g., bandgaps and excited states) have to be calculated accurately and efficiently. The focus of
this tutorial is to predict whether new alloys can be formed through mixing of two different atomic
species for a given crystalline system using the cluster expansion method.

In this tutorial we will examine the formation energies over various concentration (x) in both the
3-D bulk alloy SixGe1−x and the 2-D surface alloy AlxNa1−x. To do this, the relative energies of the
arrangement of the substitutional atoms (i.e., Na or Ge) for a given lattice have to be computed.
What makes this problem difficult is that there are many distinct possible arrangements of the
substitutional atoms on a given lattice at every concentration, which is called the configurational
disorder. There are approximately 2M, where M is the number of atomic sites in the unit cell, possi-
ble configurational states (i.e., unique arrangements) for a substitutional alloy involving the mixture
of two atoms. As an example, considering an fcc parent cell (i.e., M = 4), there are 24 total ways of
placing two atom types on the four atomic sites; four possible configurations are shown in Figure 1.

Figure 1: Four configurations for the fcc lattice with 4 substitutional atoms in the units labeled based on
the spin-like variables +1 and -1.

Typically, first-principles quantum mechanical (QM) simulations such as Kohn-Sham density func-
tional theory (DFT) are used to calculate properties of molecules or bulk materials, such as the
stabilities or electronic structures (e.g., bandgaps and excited states), in order to accurately pre-
dict new compounds for specific applications. However, for physically relevant alloys, the number
of atomic sites in the unit cell (M) can grow to be very large, and thus, finding stable materials
requires searching a large computational space that becomes intractable at the DFT level, which
typically scales as N3−N4, where N is the system size. In addition to the the size of system that
can be examined, the computational time of DFT limits the application of this method in modeling
the relevant experimental conditions. For example, a typical DFT calculation is performed at a
temperature of 0K, which can result in a poor qualitative understanding of a stable alloy that is
experimentally grown at 1000K. Therefore, cheap computational methods are instead needed to
efficiently search for stable materials at relevant temperatures.

In this tutorial, we will introduce the cluster expansion method that is used to examine these
aspects relating to the configurational disorder.
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2 The Cluster Expansion Model for Determining Properties of
Alloys

2.1 Theoretical Background
The cluster-expansion method,[1] has been used for nearly 30 years to study large configurational
spaces, such as the mixing of two (or more) atoms for a given lattice type. This is made possible by
the accurate computation of the relative energy for a given decoration of the substitutional species
in the various atomic sites without performing an actual DFT calculation (except for verification).
Indeed, the strength of the cluster-expansion method is that predictive accuracy of this simple
model can approach that of a DFT calculation at a significantly reduced computational cost.

In order to allow for the efficient and accurate examination of the configuration space, the cluster
expansion method allows for the construction of an efficient analytical model by exploiting the
unique dependence of the energy on the configuration (see Ref. [1]). For this substitutional problem
in particular, the underlying spatial lattice type remains largely constant around the original
positions of the nuclear coordinates (R1, ..., RM ). Because the lattice type does not change, this
information is largely redundant for each configuration, so we can parameterize a model that
implicitly includes this information instead. In doing so, the energy (E) becomes a simple function
of the occupation of these sites by the different chemical species (Z).

E(R1, ..., RM )→ Econf(Z1, ..., ZM ) (1)

This allows for a representation of the substiutional problem with a vector of M values that defines
the unique configuration by the assignment of the occupation of the atomic species (Z) in each
lattice site i (1, . . . , M), see in Figure 1:

~σ = (σ1, ..., σM) (2)

Focusing on a simple binary-alloy example, with only two atom species (A and B), each unique
configuration of the mixture is represented as a vector ~σ, which contains the occupation of each
site and where σ1 = +1 (σ1 = −1) if atomic site 1 is occupied by atom A (atom B).

The energy of the configuration, E(~σ), (or any other configuration-dependent property) can then
be modeled as a function of ~σ:

E = E(σ1, ..., σM) (3)

This representation leads to a drastic reduction in the number of degrees of freedom of the problem
and therefore for the rapid calculation of the properties for a crystalline material. However, this
also makes the cluster expansion method narrowly applicable to the pre-defined lattice structure
and atom types. In contrast, a DFT calculation does not assume this information about the system,
which makes DFT more broadly applicable, but at a much larger computational expense.

In order to compute E(~σ) for all possible configurations ~σ, a basis set is formed from "clusters"
(α), consisting of combinations of lattice sites α = (i, j, k, ...), such as a one-site (αi), two-site
(αij), three-site (αijk), up to the M -site cluster. These clusters represent the different types of
interactions, such as single, pair, triplet, up to the M -body interactions of the species occupying
those sites. The energy is then expanded in terms of the basis set of clusters α:

Es(~σ) = ECE
s (~σ) =

∑
α

mαJαXsα (4)

Here, ECE
s (~σ) is the model prediction for the energy of the unique configuration s, which is rep-

resented by the vector ~σ containing the lattice site occupations. For the binary alloy consisting
of the two elements A (blue) and B (red) in Fig. 1, the variable σsi takes the value +1 and (−1)
if lattice site i is occupied by an atom of element A (B). Examples of ~σ for four configurations
are provided in Figure 1. In Eq. 4, the sum runs over all possible inequivalent clusters (α). The
multiplicity mα accounts for the fact that several equivalent clusters can be obtained by applying
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all point symmetry operations of the pristine (i.e., non-substituted) unit cell to α. In principle,
the model could include all inequivalent one-site, two-site, three-site, four-site, up to the M -site
clusters that can be formed in the lattice; however, usually the cluster expansion model converges
rapidly in terms of model complexity and contains only a relatively few terms (e.g., pair and triplet
interactions). The coefficient for each cluster Jα is the so-called effective cluster interaction and
corresponds to the effective interaction strength (in units of energy, e.g., eV or eV/atom) associ-
ated with a cluster α. Note: Finding these unknown coefficients in our expansion is the primary
objective of this tutorial.

The value Xsα represents the correlation of the cluster α with the configuration ~σs, and is related
to the probability of finding the cluster α for a given configuration s. The Xsα values are calculated
by taking the products of the occupation value σi for each site, and therefore, range between −1
and +1:

Xsα = 1
mα

∑
β≡α

∏
i∈β

σsi (5)

The sum runs over the set of clusters (e.g., β) that are symmetrically equivalent to α. The product
of the occupation variables σsi runs over all lattice sites i; for example, for the two-site cluster σij a
product between σi = +1 and σj = −1 will yield a value of −1. This operation is performed for each
each configuration s, which leads to structure-specific values that depends on the lattice site occu-
pations of σi and σj . By summing the clusters over all structures, the correlation is essentially an
average of the rotated/translated clusters used in the model over the occupation of each lattice site.

Summary of important variables in the cluster expansion model:

M = number of atomic sites in the parent (e.g., unit) cell

~σ = configuration or structure

α = symmetrically distinct clusters

Jα = effective cluster interactions

Xsα = correlation values

E(~σ) = energy of configuration ~σ

2.2 Building a Cluster-Expansion Model
In this tutorial, the energies of different structures are predicted at the DFT level of theory (Es).
The cluster expansion model is constructed using regression-based techniques to reproduce the
DFT energy. The optimal set of clusters (α) and corresponding coefficients Jα of the cluster-
expansion model can be found in at least two different ways: 1) trial and error or 2) compressed
sensing for basis-set selection.

For the trial and error approach, a set of clusters is first generated following specified criteria that
indicates the maximum size of a cluster and maximum number of sites (i.e., 6 Å and three-sites
clusters) to be considered. For every set, the cluster interactions Jα are determined by minimizing
the difference between each predicted value ECE

s and the DFT-computed energies to the smallest
fitting error determined by the mean-squared error (MSE):

MSE = 1
Ns

∑
s

(ECE
s − Es)2 (6)
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The MSE of the predicted values ECE
s runs over all Ns structures whose energies are known from

ab-initio calculations. The MSE can be potentially improved by either: 1) modifying the trunca-
tion of the number of clusters (i.e., going to a higher order of clusters) or 2) modifying/increasing
the training set (i.e., the number of structure and corresponding computed DFT energies that are
used to perform the cluster expansion fit).

There are several important considerations when building a cluster expansion model that make
this approach difficult to use in practice. As a rule, the number of unknown Jα values has to
be smaller than the number of ab initio energies calculated (Es), which means that the num-
ber of input structures has to be larger than the number of clusters used in the fitting. In
other words, the Xsα matrix has to have more rows than columns. This precludes the use
of a very large number of clusters to build the model, which can potentially be detrimental
to the overall accuracy of the method. Therefore, a key aspect of building an accurate model
is the set of clusters initially chosen; however, if only a few clusters can be included, then
it is difficult to know which clusters to choose because there are so many possibilities. This
point is underscored in Figure 2, where the possible clusters for an fcc system are shown.

Figure 2: Number of clusters as a function of the cluster radius.

It should be clear that there are many possible choices of distinct clusters, and fitting to only
the MSE will most likely not succeed in finding the best choices for the most accurate model.
Formally, the solution time for finding the optimal finite basis set increases faster than polynomial
with the number of possible basis functions (i.e., is an NP-hard problem). This is a common chal-
lenge in many fitting problems, not just the cluster expansion method. Therefore, the conventional
approach for building a cluster-expansion model is to select a small, physically motivated set of
clusters that describes the key interactions of the system of study.

Recent years have seen numerous attempts to use machine-learning algorithms to decrease the
role of intuition in model building. In particular, a fitting approach called compressed sensing [2],
which originated in the image-compression literature, can be used to build a cluster expansion
model when the number of clusters is far greater than the number of input structures (i.e., an
under-determined problem). Using this compressed-sensing approach, the coefficients Jα of the
cluster expansion are obtained by minimizing the objective function:

S = 1
Ns

∑
s

(ECE
s − Es)2 +A

∑
α

|Jα|2 (7)

The first term is again the MSE, which acts to ensure that the cluster expansion model has
a low overall error. The second term sums the square of the absolute values of the coefficients
number Jα, which effectively acts to penalize the total number of Jα values, and thus, keeps the
cluster expansion model from having too many terms. Importantly, the second term acts to find
an optimal set of Jα values even if the number of clusters is larger than the number of values in
the training set in contrast to minimizing only the MSE. Both the optimal penalization strength
A and the optimal set of clusters are obtained by minimizing the cross-validation score (CV ) (see
Refs. [3] and [4]), which is given by the expression:

CV = 1
Ns

∑
s

(ECE, Ns − 1
s − Es)2 (8)
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The CV provides an assessment of the error in the predictions of the cluster expansion model by
partitioning the set of computed DFT energies into a subset of structures to use for building a
model (called a training set) and a separate subset to validate the predictions (called a testing
set). In leave-one-out cross validation, a cluster expansion model is constructed by minimizing an
objection function for Ns − 1 structures (our training set), following which the error is calculated
for the excluded observation. The CV error represent how well the method performs for predicting
new “unknown” structures.

3 The CELL Tutorial
In this tutorial, we will investigate how to parameterize from first principles a cluster expansion
model for two binary alloys: a bulk three-dimensional SiGe system and a two-dimensional AlNa
surface alloy.

Contents

Exercise 1: Building a cluster expansion model and searching for ground states of SiGe alloy

Exercise 2: Ground-state search with cluster expansion for new AlNa 2-D surface alloy

Exercise 3: Order-disorder transition in AlNa (Monte Carlo simulation)

3.1 Getting started with CELL for cluster expansion
With an understanding of the terms within the cluster expansion model, we can now build our
cluster-expansion model using DFT computed energies to then apply this technique to describe
stable phases of bulk and surface alloys. This tutorial will first go through all of the steps involved
in generating a cluster expansion model for two alloy materials: 3-D SiGe (bulk) and a 2-D AlNa
(surface). We will use the python package for building Cluster Expansions with large parent
ceLLs (CELL ) to do generate a cluster expansion for bulk materials. CELL performs cluster
expansion fits, can make predictions for new materials through stochastic sampling procedures for
configurations of atoms on a lattice, and is specifically designed for performing a cluster expansion
on large lattices, where enumeration of all the potential configurations is not possible. The idea
of CELL is to begin with an initial cluster expansion and then improve the model iteratively by
adding more data obtained from stochastic ground-state searches. The model is constructed for a
parent cell, which is defined by the file lat.in. Supercells, which are periodic repetitions of the
parent lattice, can also be used for running ab initio calculations and for performing stochastic
searches with the cluster expansion model.

Additional cluster expansion codes are the Universal Cluster Expansion Code (UNCLE) [5], Alloy
Theoretic Automated Toolkit (ATAT) [6], and CLUPAN [7].
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3.2 Exercise 1. Ground-state search with Cluster Expansion for SiGe Alloy for
Bulk Lattice

We will begin with the 3-D bulk SiGe alloy example. SiGe Nanowires have been used in ther-
moelectric and heat transport applications [9]. The impact of the configurational disorder on the
thermal conductivity has been shown recently using cluster expansion. [10] In the bulk SiGe alloy,
a miscibility gap is present. We will investigate the range of compositions (x) of this miscibility gap
in this first exercise. As discussed in the last section, a list of structures and their corresponding
formation enthalpies (or total energies) computed at some level of theory are needed to make a
cluster expansion model. Note that typically, the first step would be to calculate the energies and
formation enthalpies using FHI-aims, exciting, VASP, Quantum Espresso; however because of time,
that step is outside of the scope of this tutorial and the initial energies were already computed
with FHI-aims. This information is contained in the subdirectory:

$ HandsOn/tutorial_6/SiGe/exercise_1

Inside the directory exercise_1 you will find the files summarized in Table 1.

Files
Filename Description
config.py Configuration file containing the global

variables used by CELL the input struc-
tures of the configurations in the subdirec-
tories.

lat.in Defines the underlying lattice of all of the
configurations, which we call the parent
lattice

Table 1: Files contained in the main subfolder, which are needed to run CELL
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In config.py file and you will find the definitions for variables used for the ab-initio calculations
(e.g., CALCULATOR, FHIAIMSBIN, NUM_SETTINGS, FUNCTIONAL, KGRID_DENSITY, and ENERGY_UNITS)
and for characterizing the crystal lattice (i.e.,PAR_LAT_FILE, MET_LAT_FILE, VEGARDS_LAW).

#ab-initio
CALCULATOR = "fhiaims"
FUNCTIONAL = "PBE"
NUM_SETTINGS = "light"
KGRID_DENSITY = "kg3"
FHIAIMSBIN = "aims.x"
ENERGY_UNITS = "eV"

# crystal PAR_LAT_FILE = "lat.in"
MET_LAT_FILE = "lat.in.supercell"
VEGARDS_LAW = True

CELL_PAR_0 = [[0.0000, 5.4310, 5.4310],
[5.4310, 0.0000, 5.4310],
[5.4310, 5.4310, 0.0000]]

CELL_PAR_1 = [[0.0000, 5.6580, 5.6580],
[5.6580, 0.0000, 5.6580],
[5.6580, 5.6580, 0.0000]]

SUPER_CELL = [[2,0,0],
[0,2,0],
[0,0,2]]

REF_FOLDER_0 = 1
REF_FOLDER_1 = 2

The parent lattice is detailed in lat.in:

0.00 5.45 5.45
5.45 0.00 5.45
5.45 5.45 0.00
0.5 0.0 0.0
0.0 0.5 0.0
0.0 0.0 0.5
0.00000000 0.00000000 0.00000000 Si,Ge
0.12500000 0.12500000 0.12500000 Si,Ge

The lat.in file consists of three sections:

1) The first three lines correspond to a matrix (V) of the lattice vectors (a, b, c) given in X, Y,
Z coordinates.

2) The next three lines comprise a matrix (D). The Cartesian vectors defining the unit cell are
the rows of the matrix L = DV.

3) The atomic coordinates (P) are given in fractional coordinates, while the real space coordi-
nates of the atoms are the rows of the matrix PV.
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In this exercise, you can see in the lat.in.supercell file that we will use a 2×2×2 supercell with
a total of 16 substitutional sites. The supercell size can be changed using the SUPER_CELL keyword.
In addition to the previous files, there are 8 subdirectories labeled with numbers (1,2, . . . ,8). Each
folder contains a structure randomly generated for a composition y = x

16 in the range 1 ≤ x ≤ 15.

Inside each of the subdirectories, you will find the fies described in Tab. 2

Files contained in each subdirectory for each configurational alloy
Filename Description
str.out Lists the input structures of the configu-

rations in the subdirectories. In CELL the
str.out files can be automatically created,
then the energies can be calculated by an
ab-initio code and stored in the energy file.
Each subdirectory contains a distinct con-
figuration that will form the rows of the
matrix Xsα, e.g., in Equation 5).

control.in Input file for FHI-aims.
geometry.in Structure file to visualize the structure in

xcrysden.
band.out Output file of an FHI-aims calculation.

calculations.

Table 2: Files contained in the each subfolder, which correspond to a distinct configuration.

3.2.1 Cluster expansion: First iteration

Building the optimal cluster expansion model using the MSE

Goal:
Build a cluster expansion for the 3-D SiGe alloy.

In order to get started with this tutorial, we will first extend the config.py with the following
line:

# cluster expansion
ENERGY_CE = "mixingPerSite"

Here, the variable ENERGY_CE = "mixingPerSite" defines the energy units that will be used for
the cluster expansion. In this case, we are building a cluster-expansion model with units of the
energy per lattice site. However, other units of the energies can be written such as total energy by
adjusting the variable ENERGY_CE (e.g., ENERGY_CE = “total").

The energy of mixing is defined as the energy difference between the energy E(x) and a linear
interpolation between the pristine binary compositions E(x = 0) (only Si atoms) and E(x = 16)
(only Ge atoms), which is given by:

∆H(x) = E(x)− x

16E(x = 16)− 1− x
16 E(x = 0) (9)

The first routine will collect all of the energies from the subdirectories into the main directory:

$ cell collect_abinitio_energies
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This command collects the DFT energies from the FHI-aims outputs (band.out) included in the
subdirectories and computes the ∆H in the equation above. After running the python script,
an energy file is created in each subdirectory and the file allenergy.out in the current working
directory, which contains all of the energies collected from the subdirectories in sequential order.

Discussion: Please compute the ∆H(x) by hand to ensure that the values are correct.

We can now choose the set of clusters that we would like to use to construct our cluster-expansion
model by adding these lines to the config.py file:

MAX_RADIUS = 6.0
MAX_POINTS = 4

The two variables MAX_RADIUS and MAX_POINTS define the set of clusters considered for the cluster
optimization discussed below. Here MAX_RADIUS = 6.0 specifies the maximum cluster radius (in
the same units of the lattice vector), which is the maximum distance between two points in the
clusters. MAX_POINTS = 4 is the maximum complexity of the cluster (i.e., a four-site cluster) with
clusters of lower complexity are also created (i.e., with three sites, two sites, one site). This set
of clusters can be adjusted depending on the system and the degree of accuracy needed for the
model.

To generate a pool of clusters using these parameters, run the command:

$ cell gen_clusters

To print a summary of the clusters that are generated at these settings, run the ATAT utility:

$ getclus

The first column is the complexity of the cluster, indicated by the number of sites in the cluster.
The second column is the cluster radius and the last column is the multiplicity of the cluster.

Finally, we are ready to calculate the correlation matrix (Eq. 5). To do so, run:

$ cell gen_correlations

The output is written to the file allcorr.out. In order to visualize what a cluster looks like, then
run the following command:

$ cell plot_cluster 8 3 1

This command will plot the 8th cluster in a 3x3x3 supercell, shifted from the origin by 1 unit cell.
The 8th cluster is a three-point cluster, but feel free to change the cluster number in this command
to visualize each of the different clusters.

To build the optimal basis set for our model, we will perform a cluster optimization to select
the optimal set of clusters and corresponding coefficients. This is done using the cross-valuation
procedure, which is given in the in Eq. 8.

To generate the cluster-expansion model, run the command:
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$ cell optimize_clusters

This command will plot a summary of the optimization procedure that aims to minimize the leave-
one out cross-validation error (CV), while also having a minimum mean-squared error (MSE). A
summary of cluster expansion optimization is printed to the screen along with the CV and MSE,
the last few lines look like this:

#######################################################

Optimal CV found for set 6
CV = 0.000140513459160, MSE = 0.000013361391960, #of clusters: 7

Optimal ECIs written to file energy.eci

#######################################################

The two key values for the model are display in this summary: the CV score, which gives an
indication of the prediction error of this model, and the MSE, which is the error of the model fit
on the training set. By minimizing a model based on the prediction error (given by the CV), we
are building a model that prevents over-fitting, which can occur if we just use the MSE to fit the
model. To visualize this summary, run the command:

$ cell plot_optimize_clusters

The optimal set of clusters (shown on the x-axis) and corresponding coefficients (which are not
shown) are highlighted in red and are automatically written in the file energy.eci.
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3.2.2 Examining the Results: MSE vs. CV

Goal:
Compare the accuracy of the cluster expansion for the prediction of the energy with the actual
ab-initio energy of the new structures generated in the previous step.

Up to this point, we constructed a model from a set of 8 structures in the current directory. In
order to understand the MSE vs. CV in terms of the accuracy of the model for new predictions.
Copy the folders contained in the subfolder into the current directory using the command:

$ cp -r test_set/* .

Now, print the error of the model on these new structures by running the command:

$ cell mse t

The summary of the error will for each directory is written to screen. The second to last column is
error between the fit and the actual DFT energy. Hopefully, it was clear that the errors were larger
for structures 9-15 because they were not included in the cluster expansion model fit. However,
the errors should be on the order of the CV score, which is an indication that the CV score is an
accurate estimate of the performance of the model on data that are not included in the fit.

Now we would like to incorporate these additional data into our cluster expansion model.

Discussion: Did the MSE increase or decrease with these additional data? Why? Look at the
energy difference between ab-initio energies and predicted energies (errors) for the structures added
to the directory after the model construction, which is an indication of the predicted error. How
do the predicted energies of these new structures compare with the DFT computed energies? For
which structures are the errors the largest and why? Which one of Eq. 6 or 8 gives you an estimate
for how well the predicted energies are expected to be for structures used in the construction of
the cluster expansion model vs. those structures not included in the building the model?
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3.2.3 Cluster Expansion: Ground-state Search

Goals:

1) Make a new cluster expansion model with the additional data

2) Then use this cluster expansion to sample the configuration space and search for new
ground-state structures using a 16-atom 2x2x2 supercell.

Make sure you are in the correct directory before continuing:

$HandsOn/tutorial_6/SiGe/exercise_1

Build a new cluster expansion before proceeding to the following steps (see the comments above
if you are unsure how to build a cluster-expansion model).

Once a robust cluster-expansion model is built, we can search for ground-state configurations at
arbitrary concentrations.

The ground-state search performed a search using a stochastic method. In this case, the Metropolis-
sampling algorithm [6] is used to search the configuration space at a given concentration. The
Metropolis algorithm has a long history of being applied to Ising-spin models. It can be used to
sample the configurational space by randomly generating new structures by performing stochastic
configurational changes. The stochastic step is the exchange of the atomic positions of one Si atom
with one Ge atom (both are randomly chosen). Using this method, the energy of new predicted
structures are calculated by the cluster expansion model. If the energy is lower, then a new
structure is found (the move is accepted); if the energy is higher than the existing structure, the
new configuration is accepted with the probability exp(−∆E/kT ), where T is temperature and k
is the Boltzmann constant. Therefore, performing samplings at higher temperatures accept new
higher-energy configurations more likely than sampling at low temperature.

After the algorithm runs, the sampled structure with the lowest energy for a given concentration is
returned. If the ground-state configuration with its ab-initio calculation exists already, the ground-
state search returns the next lowest non-degenerate structure.

The additional structures found in this step will also be used to improve the cluster expansion once
their ab-initio energies are calculated.

Before starting the search, we have to add the following lines to the config.py:

# Ground-state search
TEMP = 1000
MAX_N_CONF = 300

The TEMP variable defines the temperature (1000K) at which this sampling is preformed. The
MAX_N_CONF = 300 variable defines the number of configurations to sample after the last next
lowest-non-degenerate structure was found. To perform a sampling procedure using the Metropolis
algorithm, run the command:

$ cell search_lnd 4,8,12

We are performing the metropolis sampling for the concentrations corresponding 4, 8, and 12 Ge
substitutional atoms. The metropolis algorithm will only take a minute or so to run. The output
of the metropolis algorithm will print to screen. If lower energy structures are found, then it will
be written to a new directory in sequential order, which is indicated on the screen.
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Output:

===============================================================================
Sampling configurational space for 4 substitutional atoms.
===============================================================================
Found lowest non-degenerate structure for nsub = 4 substitutions.
Acceptance ratio of Metropolis search: 0.99316823228
FOLDER | Predicted | Ab-initio
0.013519132528
Created new str.out file in folder ./15
===============================================================================
===============================================================================
Sampling configurational space for 8 substitutional atoms.
===============================================================================
Found lowest non-degenerate structure for nsub = 8 substitutions.
Acceptance ratio of Metropolis search: 0.989087301587
FOLDER | Predicted | Ab-initio
0.015283304724
Created new str.out file in folder ./16
===============================================================================
===============================================================================
Sampling configurational space for 12 substitutional atoms.
===============================================================================
Found lowest non-degenerate structure for nsub = 12 substitutions.
Acceptance ratio of Metropolis search: 0.995004995005
FOLDER | Predicted | Ab-initio
0.010564322803
Created new str.out file in folder ./17
===============================================================================

After the sampling procedure, new folders 15, 16, and 17 are created.

Note:

Your results may not be exactly the same because the Metropolis algorithm is a stochastic
approach and will generate different results each run.

Discussion: Examine which structures were created in the subdirectories. What are the concen-
trations of the new structures?
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3.2.4 Extending the Number of Structures: Predictions and Refining the Cluster-Expansion
Model

Goal:
Incorporate the three additional structures and DFT energies to improve the cluster expansion
model.

$ cell calc_ab_initio

Once those jobs have finished and a comparison has been made, we can use these new ab-initio
energies to improve our cluster-expansion model. As mentioned in the last section, to make a
cluster expansion one needs a list of structures and their corresponding formation enthalpies or total
energies. With this information, the cluster correlations for these structures can be calculated. Now
use the separate command to generate a new correlations matrix to include this new information
in the expansion (Please see above if you have forgotten which commands to use).

Now we are ready to optimize the coefficients of the clusters (Jα). To do this, we will perform a
least-squares fit:

$ cell optimize_clusters

Discussion: What are the dimensions (rows and columns) of the correlation matrix now? How
does this value correspond to the number of structures in the directory.
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3.3 AlNa Surface Alloy
We will now examine 2-D AlNa surface alloys. The stability of these alloys has been studied with
the cluster expansion model previously [11]. The alloy is segregated to the surface on top of the
Al(100)surface with an Al rich sublayer, with that mixes Na in one layer.

3.3.1 Ground-state search of 2-D surface alloy

Goal:
Build a cluster expansion model for a 2-D surface alloy.

Move to the folder: $HandsOn/tutorial_6/AlNa/exercise_1.

In this directory, you should find folders listed from 1 to 20, which contain the str.out file and
associated energies compute using FHIaims for the 2D surface AlNa alloy. The parameters used
in the calculations are included in the config.py file.

We can use the total energies in this directory to create the same simple cluster expansion just as
in Exercise 1 and explore the results. To do, generate the cluster expansion using the commands
detailed above (collect the DFT energies, generate the clusters and correlations).

NOTE: Make sure you have generated a cluster expansion model before proceeding.

Before optimizing the cluster expansion, you can visualize a 4-point cluster with the command:

$ cell plot_cluster 15 5 1

Now we are ready to generate the optimize clusters using the command:

$ cell optimize_clusters

This command should output an optimal set of 11 clusters:

#######################################################
Optimal CV found for set 9
CV = 0.016520467748486, MSE = 0.008763844432688, #of clusters: 11
Optimal ECIs written to file energy.eci
#######################################################

With a cluster-expansion model in hand, we can now perform a ground-state search for AlNa alloys
using this model.

Now we will again perform a ground-state search using the metropolis algorithm for the 50% Al
concentration with a 4x4x1 supercell. To do so, run the command:

$ cell search_lnd 8

The results of the algorithm will again be written to screen:

=================================================================================
Sampling configurational space for 8 substitutional atoms.
=================================================================================
Found lowest non-degenerate structure for nsub = 8 substitutions.
Acceptance ratio of Metropolis search: 0.497757847534
Folder nr. Predicted Ab-initio
New LND. -0.0354733537342 Not yet calculated
29 0.0333701622152 0.0302123666675
Created new str.out file in folder ./30
=================================================================================
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This summary indicates that a new low energy structure was found and was save in the subdirectory
30.To visualize this structure, type the command:

$ cell plot_str 30

You will see that the structure is a double infinite chain. Calculate the energy of this new structure
by typing:

$ cell calc_ab_initio

or by copying it from the folder test-set with the command:

$ cp -r test_set/* .

Now, you perfrom a new CE with the same commands as indicated above (in SiGe exercise) using
these additional data using the commands discussed above (generate clusters, generate correlations,
then fit the co-efficients).
Now, you may perform a GS search in a larger supercell (e.g. 5x5x1) with the command

$ cell gs_search 5,10,20

and you can visualize this task with the command

$ cell plot_gs_search

3.4 Order-disorder transitions using Monte Carlo simulations

Goal:
Use the Monte-Carlo method combined with cluster expansion model to identify the evolution
of the configurational order with changing temperature

We will now explore the substitutional ordering at the concentration 0.5. As you may have noted
already for the 2-D alloy, the ground-state structure has a well-ordered pattern. However, when
the structure is heated up, this ordered pattern disappears and there is a random occupation of
the surface sites, i.e., disordered. A transition from the ordered to the disordered phase is fairly
common in alloy systems. Now we will explore such a transition for the two dimensional Al-Na
alloy.
For this first, we can watch a movie which displays configurations at various temperatures. To
start the movie, run the command:

$ cell mc_movie 1500 200 500 8

In this movie, you can watch a simulated annealing procedure. The first two input parameters
of the command fix the initial and final temperature, here 1500K and 200K, respectively. The
third number indicates the number of temperature steps performed from the initial to the final
temperature. The last input parapmeter indicates the number of substituted Na atoms. Since our
supercell size is 4x4x1, we put 8 Na atoms in order to run the simulation at half coverage. The
initial temperature is high, and the displayed configurations follow a disordered pattern. When
the temperature gets reduced and becomes close to 200K, the ordered pattern of the ground-state
structure occurs.

To study the phase transition in more detailed, the specific heat CV several temperatures can be
calculates by using thermodynamic integration. The CV is defined as:

CV = (〈E2〉T − 〈E〉2T )
T 2 (10)

The finite temperature averages will be calculated through a canonical Metropolis Monte-Carlo
simulation at several temperatures. The specific heat shows a peak at the transition temperature.

To run the sampling procedure for the 4x4x1 supercell at half coverage, execute:
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$cell specific_heat_mc 1000 1500 500 11 8

The first input parameter 1000 indicates the number of MC steps performed at every temperature,
and the second two parameters the initial and finial temperature, 1500K and 500K. The following
parameter gives the number of point to be sampled, here 11 points, and the final parameter the
number of substituted Na atoms. To let the sampling procedure run faster, change the variable
TFASTCORR to True in the config.py file.

On the screen, the sampling temperature, the acceptance ratio of Metropolis Monte-Carlo simula-
tion, the specific heat, and the internal energy are printed. After the run is finished, the output can
be found in the file specific_heatȯut. The first row is the temperature, the second the specific
heat, third the internal energy, the fourth the acceptance ratio, and the fifth (last) the coverage.
Please be careful, that this file will be overwritten if a new specific heat calculation is submitted.

In Ref. [11], a transition temperature at 300K for 0.2 coverage was reported. Here, they studied a
20x20x1 supercell. In our case, we can simulate a 5x5x1 supercell in a reasonable time scale. Let’s
change the supercell size in the config.py to:

SUPER_CELL = [[5,0,0],[0,5,0],[0,0,1]]

To run the sampling procedure for a 0.2 coverage around the expected transition temperature,
execute:

$cell specific_heat_mc 2000 500 100 5 5

The specific heat is calculated for five temperatures. The highest value of the CV is expected to
be at 300K. You could plot the output in file specific_heat.out with usual plotting programs
as e.g. gnuplot.
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