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Many-particle electron-phonon interaction effects in two-dimensional electron gases are
investigated within a Born–Markov approach. We calculate the electron-phonon interaction on a
microscopic level to describe relaxation processes of quantum confined electrons on ultrafast time
scales. Typical examples, where two-dimensional electron gases play a role, are surfaces and
two-dimensional nanostructures such as graphene and quantum wells. In graphene, we find
nonequilibrium phonon generation and ultrafast cooling processes after optical excitation. Electron
relaxation dynamics at the silicon �001� 2�1 surface exhibits two time scales, corresponding to
intrasurface and inside bulk-scattering processes. For GaAs quantum wells, we present broad
emission spectra in the terahertz range assisted by LO-phonons of the barrier material. © 2009
American Institute of Physics. �DOI: 10.1063/1.3117236�

I. INTRODUCTION

Many-particle effects determine the optical properties of
two-dimensionally quantum confined electrons in semicon-
ductors. For instance, to understand dissipation processes in
two-dimensional electron gases �2DEG�, it is of fundamental
importance to include the interaction between electrons and
lattice vibrations �phonons� in a theoretical description.1,2

2DEG appear in different semimetal and semiconductor
nanostructures such as quantum wells,3–5 graphene,6–8 and at
surfaces.9,10 A major research topic concerning the techno-
logical potential and future application remains the ultrafast
relaxation dynamics of these 2DEG.

In this paper, we present microscopic calculations of the
dynamics of electron-phonon interaction for different con-
figurations of 2DEG. Within a Born–Markov approach, gen-
eral kinetic equations are solved to derive the linear and non-
linear optical response of the 2D electronic system.
Additionally, the obtained theoretical results are compared
with corresponding data from recent experimental work. The
paper is organized in two parts. First, the Hamilton operator
is presented and the fundamental equation of motion �EOMs�
are derived. Second, we give three examples for application
of these EOMs, which are as follows: �i� nonequilibrium
phonons in graphene, �ii� phonon-induced relaxation dynam-
ics of electronic excitations at a silicon surface, and �iii�
scattering-induced quantum emission of an equilibrium
2DEG in a GaAs quantum well with AlAs barriers.

II. THEORETICAL FRAMEWORK

By using the operators ank
† , ank and biq

† , biq, which are
the creation and annihilation operators for an electron �a�
and phonon �b� with quantum numbers n�i� �band or mode

index�, k �2D wave number� and q �three-dimensional wave
vector�, respectively, the free phonon and electron Hamil-
tonian in second quantization reads11

H0 = �
nk

�nkank
† ank + �

i,q
��iqbiq

† biq. �1�

Here, �iq is the phonon frequency of mode i �LO, TO, etc.�
at wave vector q in the semiconductor bulk material and �nk
is the electron energy dispersion, depending on the band in-
dex n and 2D wave number k. The electron-phonon interac-
tion reads12,13

HEPI = �
nk,n�k�,iq

gnk
iq

n�k�
ank

† an�k�biq + H.c. �2�

The electron-phonon coupling �EPC� element gnk
iq

n�k�
deter-

mines the strength of the phonon-assisted electronic transi-
tions ank

† an�k�biq
�†�. The electron-light interaction can be

treated in a semiclassical approach, as long as quantum op-
tical effects such as spontaneous emission can be
neglected.14,15 In this case, the electronic system couples to
the classically treated vector potential A�t� �dipole
approximation16� via

Hext-field = �
k,n�n�

A�t�Mnk
n�kank

† an�k. �3�

Here, Mnk
n�k is the momentum matrix element containing the

optical selection rules. Spontaneous emission can also be in-
cluded self-consistently, if the vector potential is treated
quantum mechanically and written in terms of light creation
and annihilation operators �c† ,c�,14,15,17–20

Hq-field = �
K�,k,k�

n�n�

�Fnk
K�

n�k�
cK�

† + �Fnk
K�

n�k���

cK�	ank
† an�k�, �4�
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H0,pt = ��
K�

�K�cK�
† cK�. �5�

F nk
K�

n�k�
is the optical transition matrix element, which de-

scribes the strength of electron transitions under the influ-
ence of a photon, characterized via momentum K, polariza-
tion �, and frequency �K�.

Within the density-matrix formalism, we derive the
EOMs through the Heisenberg equation and calculate the
dynamics of observables. An example is the real space elec-
tron density n�r , t�=�nk,mlpnk

ml�t��ml
� �r��nk�r�, which is

driven via microscopic polarizations pnk
ml
ª 
ank

† aml�, repre-
senting electronic transitions, or, if n=m, k= l electronic
�sub�band densities fnkª 
ank

† ank�. Here, 
 . . . � denotes the
quantum mechanical expectation value and ��nk�r� are a
complete set of electronic single particle states. Electron-
electron scattering is not considered since we investigate the
low-density limit of optically excited electrons in semicon-
ductor materials. Also, we focus on the excitations involving
continuum states above the band edge, where Coulomb-
induced renormalizations �Hartree–Fock contributions� are
of minor importance. In the semiclassical limit, we derive
EOMs such as13

i�
d

dt
pml

m�l� = ��ml − �m�l��pml
m�l� + A�t��

nk
�Mml

nkpnk
m�l�

− Mnk
m�l�pml

nk� + �
nk,iq

�gml
iq

nk�sm�l�
iq

nk ��
+ gml

iq

nk
snk

iq

m�l�

− gnk
iq

m�l��snk
iq

ml ��
− gnk

iq

m�l�
sml

iq

nk	 �6�

for the polarization, which couples to higher order expecta-

tion values such as phonon-assisted quantities sml
iq

m�l�

= 
aml
† am�l�biq�. Hence, higher order EOM are necessary to

solve Eq. �6�. To give an example for this hierarchy problem,
we present the phonon-assisted density, whose dynamics has
to be calculated as well,

i�
d

dt�sm�l�
iq

ml ��
= ��ml − �m�l� + ��iq��sm�l�

iq

ml ��

+ A�t��
nk

�Mml
nk�sm�l�

iq

nk ��
− Mnk

m�l��snk
iq

ml ��	
+ �

nk,i�q�
�g ml

i�q�

nk �Rnk
iq

m�l�
i�q� ��

+ g ml
i�q�

nk
Tnk

iq

m�l�
i�q�

− g nk
i�q�

m�l��Rml
iq

nk
i�q���

− g nk
i�q�

m�l�
Tml

iq

nk�
i�q�	

+ �
nk,n�k�

gnk,iq
n�k� 
aml

† ank
† am�l�an�k�� , �7�

where we introduced the terms Rml
iq

nk

i�q� = 
ank
† amlbiqbi�q�� and

Tml
iq

nk�
i�q� = 
ank

† amlbiq
† bi�q��, representing higher phonon-assisted

fermionic transitions and densities. The hierarchy of equa-
tions for the observables is cast into a closed system by ap-
plying the second-order Born approximation,21,22 e.g.,

ank

† amlbiq
† bjq��
ank

† aml�
biq
† biq��ij, i.e., via a factorization of,

e.g., electron and phonon densities. To derive the semiclas-
sical Boltzmann equations within a microscopical model, we
solve Eq. �7� and further equations of the type �tA�t�
= i�A�t�+B�t� in the Markovian approximation,23 which is a
good approximation for excitations of a continuum of
states.24 As an example, we give the equations for the
phonon-carrier dynamics1,13 for fnk and the in and out scat-

tering rates �nk
n� ,

d

dt
fnk = 2�

n�

��nk
n� in�1 − fnk� − �nk

n�outfnk� ,

�nk
n� in =

	

�
�

k�,iq,


�gnk,iq
n�k� �2���nk − �n�k� 
 ��iq�

��niq +
1

2



1

2
� fn�k�,

�nk
n�out =

	

�
�

k�,iq,


�gnk,iq
n�k� �2���nk − �n�k� 
 ��iq�

��niq +
1

2
�

1

2
��1 − fn�k�� . �8�

The phonon occupation numbers niq= 
biq
† biq� might be

treated in an equilibrium or nonequilibrium case, i.e., consid-
ered only temperature dependent within a bath approxima-
tion �phonons in equilibrium� or calculated dynamically
�nonequilibrium phonon occupations� within the Heisenberg
EOM approach. The EOM for the nonequilibrium phonon
case includes the energy conservation law for the combined
electron-phonon dynamics,

ṅiq =
2	

�
�
n,k

�giq
nk�2��− �nk + �nk+q − ��iq�

���niq + 1�fnk+q�1 − fnk� − niqfnk�1 − fnk+q�� . �9�

This formula describes the phonon number niq dynamics be-
yond the bath approximation, i.e., nonequilibrium phonon
formation due to the interaction with electrons. This ap-
proach is limited to an intermediate coupling strength since
the electron-phonon interaction is treated only within the
second-order Born approximation.

Equations �8� and �9� describe the complete phonon-
carrier dynamics. They correspond to the semiclassical Bolt-
zmann equations and are justified here within a microscopi-
cal derivation. Higher order effects are for instance lifetime
contributions and high order scattering via phonon-assisted
density matrices.25 In the strong coupling regime, beyond the
second order Born calculation these contributions of the
electron-phonon interaction have to be included, at least ap-
proximatively �cf. Ref. 21 and 22�.
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III. DYNAMICS OF NONEQUILIBRIUM PHONONS IN
FREESTANDING GRAPHENE

Since graphene, a one-atom-thick planar sheet of carbon
atoms, can be produced, the formerly academic model
graphene system has been drawn a lot of attention. Its unique
electronic properties, such as the linear band structure of
so-called Dirac fermions,26 result from the two sublattices of
the honeycomb-arranged carbon atoms, going along with a
valley degeneracy formed by two Dirac cones within the
Brillouin zone, cf. Fig. 1. In particular, aiming at a realiza-
tion of a single-electron transistor operating at room tem-
perature, the electron-phonon interaction27 needs to be un-
derstood. Therefore, experiments to study relaxation
processes of photoexcited electrons enter the center of
interest.8 In this section, we present a theoretical description
of the combined nonequilibrium phonon and electron dy-
namics and show to what extent hot phonons determine the
relaxation dynamics of optically excited carriers in the con-
duction band of graphene.28 Since due to the intermediate
EPC a bath approximation fails concerning electron-phonon
interaction in graphene, the dynamics of hot phonons and
photoexcited electrons has to be solved simultaneously
within second-order Born–Markov approximation, leading to
the well known Bloch–Boltzmann–Peierls equations,8 Eqs.
�8� and �9�. This approach is shown to be valid for interme-
diate coupling strength.29 To determine the dynamics, the
calculation of the EPC-element giq

nk is of crucial importance.
Here, Kohn anomalies in the phonon dispersion27 are used,
taking into account intravalley ��-phonons� and intervalley
�K-phonons� scattering processes. Angular resolved calcula-
tions are necessary to derive the correct value for the aniso-
tropic optical matrix elements, which describe the electron-
light coupling30,31 and result in anisotropic relaxation
processes.

In Fig. 2 we present our numerical results for the popu-
lation of the conduction band occupation fck, multiplied by
the density of states, which is linear in graphene. We find an
ultrafast cooling process after the electronic system is excited
via a 10 fs laser pulse at 780 nm center wavelength. Peaked
above 700 meV, the nonthermal population relaxes within

the first 20 fs. From there on, the relaxation process slows
down. Only minor differences can be noticed between the
occupation after 20 and 40 fs. The reason for this behavior is
that hot phonons are created via energy dissipation from the
2DEG to the phonon gas, reducing the probability of fast
electron relaxation processes after 20 fs since efficient relax-
ation channels are blocked. In Fig. 3 the results of the dy-
namical evaluation of the phonon number calculation are
presented. The calculation includes phonon decay processes
via phonon-phonon interaction added by hand with a time
constant of 7 ps.8 The results explain the transition from fast
electron cooling to slower dynamics seen in Fig. 2. A clear
nonthermal signature characterizes the phonon number after
the excitation pulse ��0 fs�.

In our numerical study,28 we discuss the ultrafast dynam-
ics of the first 500 fs after excitation in freestanding graphene
and the impact of hot phonons on the relaxation dynamics of
the photoexcited carriers. Note that an average electron tem-
perature after 500 fs has been measured and is in agreement
with our results.8

IV. ELECTRON RELAXATION DYNAMICS AT THE
SILICON „001… 2Ã1 SURFACE

When the size of semiconductor devices reach the nan-
ometer scale, surface properties become important. In order
to succeed in further device miniaturization, electron transfer
dynamics between surface and bulklike states need to be in-
vestigated. In this section, we link density functional theory
�DFT� and density-matrix theory �DMT� and discuss
phonon-induced electron transfer dynamics at the silicon
�001� 2�1 surface. For a realistic description, band structure

and matrix elements gnk
iq

n�k�
of a surface structure have to be

derived via ab initio calculations32 to include more material-
specific details �such as surface states� than in embedded
low-dimensional nanostructures, e.g., quantum dots or quan-
tum wells.33 Here, we choose DFT to compute the surface

KK�

Laser
Phonon

FIG. 1. �Color online� Band structure of graphene around K and K� points.
Via optical excitation, electrons are injected into the conduction band, fol-
lowed by relaxation processes involving intra- and intervalley scattering
with optical phonons.

0 0.2 0.4 0.6 0.8 1

FIG. 2. �Color online� Temporal evolution of the conduction band density
initially in equilibrium �10 fs� after optical excitation at t=0 fs. Hot elec-
trons relax from a nonequilibrium distribution into a Fermi-like distribution.

FIG. 3. �Color online� Temporal evolution of the phonon number nq �angle
integrated�. After 100 fs, a pronounced nonthermal signature can be seen.
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bandstructure within the local-density approximation and the
matrix elements in Eq. �2� and �3� via Kohn–Sham orbitals.
Thus, our approach combines two steps, the solution of the
DMT kinetic equations Eq. �6�–�9� and the calculation of all
necessary parameters in the DMT equations, for instance in-

teraction matrix elements gnk
iq

n�k�
, Mnk

n�k�, and the electronic

bandstructure �nk by using DFT.13,34 The idea is to expand
the spatiotemporal dynamics of the densities and polariza-
tions using the set of Kohn–Sham states and to calculate all
nonequilibrium effects within the DMT approach. The DMT
dynamics is not fed back into the DFT calculations. The
phonon modes are approximated by the bulk modes.

The optical excitation with a pulse of 50 fs duration and
a center wavelength of 1.69 eV creates a nonequilibrium
electron occupation. Subsequently the electronic relaxation
dynamics via a fixed phonon bath is calculated �Eq. �8��. The
numerical results are presented in Fig. 4 for different time
steps �0, 2, and 190 ps� after the pulse. Here, the population
of the conduction band is projected into the real-space rep-
resentation via n�r , t�=�mn,klpnk

ml�t��ml
� �r��nk�r� to visualize

the phonon-induced relaxation dynamics.13 A detailed study
of the kinetics shows the following time dynamics. Initially,
after the optical excitation, electrons concentrate in the Ddown

band at an energy of approximately 0.4 eV above the energy
level of the bulk conduction band minimum. Therefore, elec-
trons occur near the surface at 0 ps, as excited by the external
pulse. 2 ps later, electrons are scattered by phonon emission
from the Ddown band into the bulk bands,22 and consequently
the bulk states get populated. After 190 ps, a relaxation in-
duced electron transfer between bulk and surface brings the
entire population back to the surface again. A quasiequilib-

rium state is established �at the �̄-point in a Ddown state� in
the energetically lowest state, to which all relaxation chan-
nels lead, i.e., to the surface state.

In Fig. 4, two time scales can be recognized: �i� after
optical excitation electrons9,10 at the surface interact with
optical phonons efficiently and scatter from surface states to
low energy bulk states �picoseconds� and �ii� subsequent
backscattering from low energy bulk states to surface states
takes place on a longer time scale �many picoseconds�. Elec-
trons return back into surface states leading to a delayed,
slowly saturating population of the energetically lowest sur-
face band. Analyzing the scattering dynamics, we find that in
general, the electron relaxation induced via optical phonons
is faster than via acoustic phonons due to a larger deforma-
tion potential for optical phonons. In particular, the
intrasurface-scattering and intrabulk processes are mediated
by optical phonons, in contrast to the slower interband relax-
ation from the bulk10,13,34 into the surface since at low ener-
gies around the band edge, acoustical phonons are needed
and optical phonons are of minor importance for the equili-
bration.

Our results are in line with experimental findings,9,10,34

which show a fast relaxation process in the Ddown band of
about 1 ps and in addition, a longer time scale process. In
conclusion, we find that the combination of DMT and DFT is

a powerful method to investigate relaxation processes par-
ticular at surface and other structures, where effective mass
methods cannot be applied.

V. THERMAL TERAHERTZ LIGHT EMISSION FROM A
2DEG

Recently, physical processes of low energy excitations in
the terahertz regime became accessible in optical experi-
ments, e.g., intraband transitions in doped semiconductor
quantum wells.17 Quantum emission of light from such a
nanostructure reveals signatures of possible electronic tran-
sitions and their coupling to the semiconductor environment.
To investigate quantum emission of light, the interaction be-
tween the 2DEG and the electromagnetic light field must be
described quantum mechanically, cf. Eq. �5�. Inside the quan-
tum well, we consider only one subband within effective
mass approximation, as well as a frequency dependent and
spatially inhomogeneous dielectric function17,35–37 for the
barrier material. Thus, we can include specifically the geom-
etry of the sample and the influence of transversal optical
�TO�-phonons of the barrier material on the emission spectra.
Since the coupling between the TO-phonons and the light
field is typically strong in the terahertz regime, a phonon-
polariton behavior dominates the modes of the terahertz
light, which subsequently interacts with the 2DEG. We focus
on terahertz emission perpendicular to the quantum well in a
small solid angle d�, cf. Fig. 5. We choose this geometry to
select the intraband emission of the 2DEG. The dipole mo-
ment for such a process is in-plane with the quantum well
and gives rise to emission perpendicular to the nanostructure.
To calculate the stationary light emission of a specific mode
of the field, characterized by wave number K and polariza-
tion �, we choose a correlation expansion approach in
second-order Born approximation, restricting the results to
energy and momentum conserving processes of the joint
electron-phonon and electron-photon interaction. We find for
the photon number mK�,17,38

�tmK� = �
k,q

2	�gq�2����K���2�F q
K�

q
�2fk+q�

�1 − fk�

���1 + nq����K� + �k − �k+q�
+ �q�

+ nq���K� + �k − �k+q�
− �q�� . �10�

Inspecting the matrix element F q�
K�

q
�Eq. �5��, we find q=q�

due to small photon momenta. The photon number mK� de-
termines directly the observed stationary emission spectra
S��K�����K��tmK�.39 The emission is calculated in second
order of both, electron-phonon and electron-light coupling.
Equation �10� contains clearly the photon emission via
stimulated or spontaneous emission �1+nq� or induced ab-
sorption �nq� of phonons, determined by the phonon occupa-
tion nq. Additionally, the change of photon number mK� is
proportional to the Pauli blocking term fk+q�

�1− fk�. Only
relaxation processes from state k to k+q� are considered, in
which the exceeded momentum from the electrons is com-
pensated by a phonon emission or absorption. In this process,
energy conservation is ensured via the argument of the delta-
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function Eq. �10�. Different quantization schemes for the
electromagnetic field �resulting in modified �K�, F q

K�

q � are

applied to Eq. �10� to incorporate the geometry of the
sample, boundary conditions and the dielectric function as
well as certain types of electron-phonon interaction. In Fig.

6, four examples are given.17 In �i�, the situation of a 2DEG
in a freestanding quantum well in vacuum is simulated. A
broad terahertz spectrum of the 2DEG with an emission en-
hancement at the LO-phonon frequency of the well material
��L=36 meV� occurs since the LO-phonon couple via the

FIG. 4. �Color online� Relaxation dynamics at the silicon �001� 2�1 surface induced by phonons. Projection of the conduction band population into real space
for three time steps: �a� at 0, �b� at 2, and �c� at 190 ps. After the optical excitation, the electrons density near the surface �0 ps� spreads across the bulk states
�2 ps� and relaxes on a different time scale back to the surface state with minimum energy in the Ddown band.
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electrons to the light. After the implementation of an infi-
nitely extended sample including TO-phonons of the sample
material, we observe in Fig. 6 �ii� an enhanced emission at
the TO-phonon frequency, which couple directly to the light,
as well as a gap between TO- and LO-phonon frequency.
Next, to focus on the influence of the vacuum-barrier mate-
rial transition, therefore a finite geometry is assumed �cf. Fig.
5�. We find in Fig. 6 �iii� an enhancement of the emission at
the LO frequency in expense to a weakened emission at the
TO-phonon frequency. The calculated photon mode distribu-
tion explains this effect since the mode intensity of LO fre-
quency is enhanced inside the sample �reflected at the bound-
ary�, in particular at the quantum well position, whereas the
TO-frequency modes are reduced at this position. Also we
calculate in �iv� the emission spectrum for a more realistic
barrier material description, i.e., including also AlAs-like
phonons. The physical picture is not changed, an enhance-
ment due to the presence of AlAs-like TO phonons can be
noted.

In our calculation, we show a strong influence of LO and
TO phonons on the terahertz emission from intrasubband
processes inside a quantum well and present a theoretical
scheme to include electron-phonon interaction as well as fi-
nite sample barriers.17,38

VI. SUMMARY

We have reviewed a theory for the dynamics of electron-
phonon interactions in 2DEG within a density-matrix ap-

proach and second-order Born–Markov approximation. In
good agreement with experimental results, we obtain
phonon-induced electron relaxation and hot phonons dynam-
ics on different time scales in graphene, on surfaces and in
quantum wells. In graphene, we show the noticeable impact
of nonequilibrium hot phonons on the relaxation of the ex-
cited electron system during the first 50 fs.28 The link of DFT
and DMT allows to evaluate the spatiotemporal propagation
of the electron-phonon system in complex 2DEG, such as the
silicon �001� 2�1 surface, where bulk-surface electron
transfer has been observed.34 In a 2D equilibrium electron
gas in a doped semiconductor quantum well, the influence of
optical phonons lead to an enhancement of broad emission
spectra in the terahertz range.17
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